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Abstract
The existence of coincidence and fixed points for continuous mappings on pseudo-compact completely regular topological spaces
are proved. Our results are different from known, or are generalizations, extensions and improvements of the corresponding results
due to Jungck, Liu and Liu et al. Further, the Edelstein result for contractive mappings is extended to Hausdorff (not necessarily
completely regular) topological spaces and generalized in many aspects. An example is presented to show that our results are
genuine generalizations of the Edelstein result.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Fixed point theory is a mixture of analysis, topology and geometry. The theory of existence of fixed points of
maps has been revealed as a very powerful and important tool in the study of nonlinear phenomena [1–3,9,11]. If a
topological space (X, τ) is a metric space, or a linear topological space, then the fixed point theory in such spaces is
very abundant. But, if (X, τ) posses a topological structure only, then the fixed point theory in such spaces is very
poor. Several researchers extended Jungck’s results [5] from compact metric spaces to compact Hausdorff spaces in
various aspects [6–8,10].
The purpose of this paper is to prove the existence theorems of coincidence and fixed points of continuous map-
pings on Hausdorff topological spaces. Our results for pseudo-compact Tychonoff spaces, i.e., for pseudo-compact
completely regular topological spaces, are different from known, or are generalization, extension and improvement of
the corresponding results due to Jungck [5], Liu [6] and Liu et al. [7]. Further, our results for Hausdorff (not neces-
sarily completely regular) topological spaces are generalization of the Edelstein [4] result for contractive mappings in
many aspects.
2. Main results
If a topological space (X, τ) is compact, then every real valued continuous mapping on X is bounded and attains
its maximum and minimum. Recall that a topological space (X, τ) is said to be pseudo-compact if every real valued
continuous function on X is bounded. There are pseudo-compact spaces which are not compact. If in addition a
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its bounds.
Throughout this paper, by Ψ = {F } we denote a family of mappings F :X × X → [0,∞) which are continuous,
symmetric and such that F(x, y) = 0 if and only if x = y.
At first we shall prove the following existence theorem on a fixed point.
Theorem 1. Let (X, τ) be a completely regular topological space, K be a nonempty pseudo-compact subset of X
and T :K → K a continuous self mapping on X. Suppose that for some F ∈ Ψ a mapping T satisfies the following
condition:
F
(
T n(x), T n(y)
)
< max
{
F(x, y),min
{
F
(
x,T (x)
)
,F
(
y,T (y)
)}}
+ λmin{F (x,T (y)),F (y,T (x))} (1)
for all x = y; x, y ∈ K, where n = n(x, y) is a positive integer and λ an arbitrary positive real number. Then T has
at least one fixed point.
Proof. Since F and T are continuous functions, it follows that the function F(x,T (x)) is continuous on K. As K is
a pseudo-compact subset of X, there exists a point, say w ∈ K such that
F
(
w,T (w)
) = inf{F (x,T (x)): x ∈ K}. (2)
We prove that T (w) = w. Suppose, to the contrary, that w = T (w). Then from (1),
F
(
T n(w),T n
(
T (w)
))
< max
{
F
(
w,T (w)
)
, min
{
F
(
w,T (w)
)
,F
(
T (w),T
(
T (w)
))}}
+ λmin{F (w,T (T (w))),0}
= max{F (w,T (w)),min{F (w,T (w)),F (T (w),T (T (w)))}}.
Hence, as F(T n(w),T n(T (w))) = F(T n(w),T (T n(w))) and, by (2),
min
{
F
(
w,T (w)
)
,F
(
T (w),T
(
T (w)
))}} = F (w,T (w)),
we have
F
(
T n(w),T
(
T n(w)
))
< F
(
w,T (w)
)
,
a contradiction with (2). Thus, our assumption w = T (w) is wrong. Therefore, w is the fixed point of T . 
Now, by using Theorem 1 we shall prove the following theorem on existence of a unique fixed point.
Theorem 2. Let (X, τ) be a completely regular topological space, K be a nonempty pseudo-compact subset of X
and T :K → K a continuous self mapping on X. Suppose that for some F ∈ Ψ a mapping T satisfies the following
condition:
F
(
T n(x), T n(y)
)
< max
{
F(x, y),
[
min
{
F
(
x,T (x)
)
,F
(
y,T (y)
)}
+min{F (x,T (y)),F (y,T (x))}]
}
(3)
for all x = y; x, y ∈ K, where n = n(x, y) is a positive integer. Then T has a unique fixed point.
Proof. It is easy to see that (3) implies (1). Thus, from Theorem 1 there exists some w ∈ K such that T (w) = w.
Suppose that also there is v ∈ K such that T (v) = v and v = w. Then from (3),
F(v,w) = F (T n(v), T n(w))
< max
{
F(v,w),
[
min
{
F
(
v,T (v)
)
,F
(
w,T (w)
)}+ min{F(v,w),F (w,v)}]
}
= F(v,w),
a contradiction. Thus, T has a unique fixed point. 
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Theorem 3. (See Edelstein [4].) Let (X,d) be a metric space and T a self mapping of X such that
d
(
T (x), T (y)
)
< d(x, y) for all x = y; x, y ∈ X.
If there exists a point x ∈ X whose sequence of iterates {T n(x)} contains a convergent subsequence {T ni (x)}, then
ξ = limi→∞ T ni (x) ∈ X is a unique fixed point of T .
Note that a mapping T in Edelstein theorem is continuous.
By introducing a new, elegant technique of proof we can extend this result to Hausdorff topological spaces.
Theorem 4. Let (X, τ) be a Hausdorff (not necessarily completely regular) topological space and T :X → X be a
continuous self mapping and such that for some F ∈ Ψ ,
F
(
T (x), T (y)
)
< max
{
F(x, y),F
(
x,T (x)
)
,F
(
y,T (y)
)}
+ λmin{F (x,T (y)),F (y,T (x))}, (4)
for all x = y; x, y ∈ X, where λ  0. If there exists a point x ∈ X whose sequence of iterates {T n(x)} contains a
convergent subsequence {T ni (x)}, then ξ = limi→∞T ni (x) ∈ X is a fixed point of T . If T satisfies (4) with λ = 0,
then T has the unique fixed point.
Proof. We now will present an elegant proof, which seems more simple than known proofs used in fixed point
theorems for contractive mappings (see, for instance, [4]).
Let x0 ∈ X be such that a subsequence {T ni (x0)} is convergent. Set xn = T n(x0), n  1. We may suppose that
xn+1 = xn for each n. For, if we assume to the contrary, that xn0+1 = T (xn0) = xn0 for some n0, then xn = xn0 for all
n n0. Hence xn0 = T (xn0) = ξ = T (ξ) and we have finished the proof.
For any i  1 put
ni+1 = ni + pi,
where pi = ni+1 − ni  1. Then for pi > 1, from (4),
F
(
xni+1, T (xni+1)
) = F (xni+pi , T (xni+pi )
) = F (T (xni+pi−1), T
(
T (xni+pi−1)
))
< max
{
F
(
xni+pi−1, T (xni+pi−1)
)
,
F
(
xni+pi−1, T (xni+pi−1)
)
,F
(
xni+pi , T (xni+pi )
)}
+ λmin{F (xni+pi−1, T (xni+pi )
)
,F
(
xni+pi , T (xni+pi−1)
)}
= max{F (xni+pi−1, T (xni+pi−1)
)
,
F
(
xni+pi−1, T (xni+pi−1)
)
,F
(
xni+pi , T (xni+pi )
)}+ λ · 0
= max{F (xni+pi−1, T (xni+pi−1)
)
,F
(
xni+pi , T (xni+pi )
)}
.
Hence, as F(xni+pi , T (xni+pi )) < F(xni+pi , T (xni+pi )) is impossible,
F
(
xni+pi , T (xni+pi )
)
< F
(
xni+pi−1, T (xni+pi−1)
)
. (5)
Continuing this process we get
F
(
xni+pi , T (xni+pi )
)
< F
(
xni+pi−1, T (xni+pi−1)
)
< F
(
xni+pi−2, T (xni+pi−2)
)
· · ·
< F
(
xni+1, T (xni+1)
)
= F (T (xn ), T 2(xn )
)
.i i
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F
(
xni+1 , T (xni+1)
)
< F
(
T (xni ), T
2(xni )
)
.
Clearly, if pi = 1, then xni+1 = xni+1 = T (xni ) and so
F
(
xni+1 , T (xni+1)
) = F (T (xni ), T 2(xni )
)
.
Therefore, for each pi  1,
F
(
xni+1 , T (xni+1)
)
 F
(
T (xni ), T
2(xni )
)
. (6)
Since T is continuous and xni → ξ as i → ∞, it follows that T (xni ) → T (ξ), T (xni+1) → T (ξ) and T 2(xni ) → T 2(ξ)
as i → ∞. Thus, taking the limit in (6) as i → ∞, we get
F
(
ξ, T (ξ)
)
 F
(
T (ξ), T 2(ξ)
)
. (7)
Now we show that T (ξ) = ξ. Suppose, to the contrary, that T (ξ) = ξ . Then from (4),
F
(
T (ξ), T 2(ξ)
) = F (T (ξ), T (T (ξ)))
< max
{
F
(
ξ, T (ξ)
)
,
(
max
{
F
(
ξ, T (ξ)
)
,F
(
T (ξ), T 2(ξ)
)}
+ λmin{F (ξ, T 2(ξ)),F (T (ξ), T (ξ))})
}
= max{F (ξ, T (ξ)),max{F (ξ, T (ξ)),F (T (ξ), T 2(ξ))}}
= max{F (ξ, T (ξ)),F (T (ξ), T 2(ξ))}.
Hence, as F(T (ξ), T 2(ξ)) < F(T (ξ), T 2(ξ)) is impossible,we have
F
(
T (ξ), T 2(ξ)
)
< F
(
ξ, T (ξ)
)
,
a contradiction with (7). Thus T (ξ) = ξ. If T satisfies (4) with λ = 0, then it is easy to show that ξ is the unique fixed
point of T . 
The following theorem is another generalization of the Edelstein result.
Theorem 5. Let (X, τ) be a Hausdorff (not necessarily completely regular) topological space and T :X → X be a
continuous self mapping and such that for some F ∈ Ψ ,
F
(
T (x), T (y)
)
< max
{
F(x, y),
[
max
{
F
(
x,T (x)
)
,F
(
y,T (y)
)}
+ min{F (x,T (y)),F (y,T (x))}]
}
. (8)
If there exists a point x ∈ X whose sequence of iterates {T n(x)} contains a convergent subsequence {T ni (x)}, then
ξ = limi→∞T ni (x) ∈ X is a unique fixed point of T .
Proof. The proof is similar to the proof of Theorems 1 and 2. 
Now we shall present an example which shows that our Theorem 4 is a genuine generalization of the above
Edelstein result.
Example. Let X = (−∞,+∞) be the set of reals with the usual metric and F :X × X → [0,∞) be defined by
F(x, y) = (x − y)2. Define mapping T :X → X as follows:
T (x) = −2x, if x > 0,
T (x) = −x/4, if x  0.
We shell show that T satisfies (4) with λ = 5.
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F
(
T (x), T (y)
) = (1/16)(x − y)2 < F(x,y).
Let x > 0 and y > 0. Without loss of generality we may suppose that x < y. Then
F
(
T (x), T (y)
) = 4(x − y)2;
min
{
F
(
x,T (y)
)
,F
(
y,T (x)
)} = min{(x + 2y)2, (y + 2x)2}
= (y + 2x)2.
Thus
F
(
T (x), T (y)
) = 4(y − x)2 < 4y2 < 5(y + 2x)2
= λmin{F (x,T (y)),F (y,T (x))}.
Let now x, y ∈ X be such that xy  0. Without loss of generality we may suppose that y  0 and x > 0. Then
F
(
T (x), T (y)
) = (2x + |y|/4)2; F(x, y) = (x + |y|)2.
Thus, if |y| > (4/3)x, then 2x + |y|/4 < x + |y|; hence
F
(
T (x), T (y)
)
< F(x,y).
Suppose now that |y| (4/3)x. Then
min
{
F
(
x,T (y)
)
,F
(
y,T (x)
)} = min{(x − |y|/4)2, (2x − |y|)2}
= (x − |y|/4)2.
So in this case we have
F
(
T (x), T (y)
) = (2x + |y|/4)2 < 5(x − |y|/4)2
= λmin{F (x,T (y)),F (y,T (x))}.
Thus we showed that T satisfies (4) with λ = 5. Therefore, all hypotheses of our Theorem 4 are satisfied. Here,
observe that F is not a metric as F(0,2) = 4 > 1 + 1 = F(0,1) + F(1,2).
On the other hand, Theorem of Edelstein and its known generalizations are not applicable in this case, as for all
x > 0 and y > 0, with y = x,
d
(
T (x), T (y)
) = 2d(x, y) > d(x, y).
Now we shall prove a theorem on existence of coincidence and fixed points of four continuous mappings.
Theorem 6. Let (X, τ) be a completely regular topological space, K be a nonempty pseudo-compact subset of X and
T , S, G and H be continuous self mappings on K such that T and S are surjective on K , T commutes with G and
H, and S commutes with G and H. If for some F ∈ Ψ mappings T , S, G and H satisfy the following condition:
F
(
T (x), S(y)
)
> inf
{
F
(
t,P (t)
)
,F
(
Q(t),P (t)
)
,F
(
Q(t),P
(
Q(t)
))
,F
(
Q(x),Q(y)
)
:
t ∈ {x, y}, P ∈ {T ,S} and Q ∈ {G,H }} (9)
for any x, y ∈ K with T (x) = S(y), then at least one of the following assertions holds:
(1) T has a fixed point in K ;
(2) S has a fixed point in K ;
(3) T and G have a coincidence point in K ;
(4) T and H have a coincidence point in K ;
(5) S and G have a coincidence point in K ;
(6) S and H have a coincidence point in K .
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tions F(x,P (x)) and F(Q(x),P (x)) with P ∈ {T ,S} and Q ∈ {G,H }, are continuous on K, and that there exist
a, b,p, q, r, s ∈ K such that
F
(
a,T (a)
) = inf{F (x,T (x)): x ∈ K},
F
(
b,S(b)
) = inf{F (x,S(x)): x ∈ K},
F
(
G(p),T (p)
) = inf{F (G(x),T (x)): x ∈ K},
F
(
H(q),T (q)
) = inf{F (H(x),T (x)): x ∈ K},
F
(
G(r), S(r)
) = inf{F (G(x),S(x)): x ∈ K},
F
(
H(s), S(s)
) = inf{F (H(x),S(x)): x ∈ K}.
We need to consider the following cases.
Case 1. Suppose that
F
(
a,T (a)
) = min{F (a,T (a)),F (b,S(b)),F (G(p),T (p)),
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
. (10)
Since S(K) = K, there exists some w ∈ K such that S(w) = a. Suppose that T (S(w)) = S(w), that is, T (a) = a.
Since S commutes with G and H, from (9) we get
F
(
T
(
S(w)
)
, S(w)
)
> inf
{
F
(
t,P (t)
)
,F
(
Q(t),P (t)
)
,F
(
Q(t),PQ(t)
)
,F
(
Q
(
S(w)
)
,Q(w)
)
:
t ∈ {S(w),w}, P ∈ {T ,S} and Q ∈ {G,H }}
min
{
F
(
a,T (a)
)
,F
(
b,S(b)
)
,F
(
G(p),T (p)
)
,
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
.
Hence, by (10), we have
F
(
a,T (a)
)
> F
(
a,T (a)
)
,
a contradiction. Thus T (a) = a, i.e. a is the fixed point of T .
Case 2. Suppose that
F
(
G(r), S(r)
) = min{F (a,T (a)),F (b,S(b)),F (G(p),T (p)),
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
. (11)
As T (K) = K , there exists some z ∈ K such that T (z) = r . Suppose that S(T (z)) = G(T (z)), that is, S(r) = G(r).
From (9) we get
F
(
S
(
T (z)
)
, T
(
G(z)
))
> inf
{
F
(
t,P (t)
)
,F
(
Q(t),P (t)
)
,F
(
Q(t),P
(
Q(t)
))
,F
(
Q
(
T (z)
)
,Q
(
G(z)
))
:
t ∈ {T (z)),G(z)}, P ∈ {T ,S} and Q ∈ {G,H }}
min
{
F
(
a,T (a)
)
,F
(
b,S(b)
)
,F
(
G(p),T (p)
)
,
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
.
Hence, as F(S(T (z)), T (G(z))) = F(S(T (z)),G(T (z))) = F(S(r),G(r)), by (11), we have
F
(
G(r), S(r)
)
> F
(
G(r), S(r)
)
,
a contradiction. Thus G(r) = S(r) which means that r is the coincidence of S and G.
Thus we proved assertions (1) and (5).
Case 3. Considering the remaining cases
F
(
b,S(b)
) = min{F (a,T (a)),F (b,S(b)),F (G(p),T (p)),
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
,
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(
G(p),T (p)
) = min{F (a,T (a)),F (b,S(b)),F (G(p),T (p)),
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
,
F
(
H(q),T (q)
) = min{F (a,T (a)),F (b,S(b)),F (G(p),T (p)),
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
,
or
F
(
H(s), S(s)
) = min{F (a,T (a)),F (b,S(b)),F (G(p),T (p)),
F
(
H(q),T (q)
)
,F
(
G(r), S(r)
)
,F
(
H(s), S(s)
)}
similarly as in the proof of Case 1, or Case 2, we can conclude that assertions (2), (3), (4) or (6) hold. 
Remark. Theorem 6 generalizes, extends and improves the corresponding results due to Jungck [5] and Liu et al. [7].
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